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THE DIRICHLET AND THE PONCELET PROBLEMS

V.P. BURSKII AND A.S. ZHEDANOV

This work is devoted to a connection between ill-posed boundary value problems
in a bounded semialgebraic domain for partial differential equations and the Pon-
celet problem, recently revealed by authors. The Poncelet problem is one of famous
problems of projective geometry and it by itself has numerous links with a set of
different problems of analysis and physics [2], [5], [10]. Investigations of ill-posed
boundary value problems in bounded domains for partial differential equations go
back to J.Hadamard [6]. Then A.Huber noticed [7] nonuniqueness of the solution of
the Dirichlet problem for the equation of string vibration (string equation) in a rect-
angular (see reviews and results for more general domains in [9]). In [3] D.Burgin
and R.Duffin have examined the homogeneous Dirichlet problem for the equation
by — P, = 0 in a rectangular {0 < ¢t < T;0 < z < X}. It was shown that if
the ratio T'/ X is irrational, uniqueness in space of continuously differentiated func-
tions with summable second derivatives takes place. In [1] V.I.Arnold, applying
the results on mappings of a circle onto self, showed similar statements for classi-
cal solutions of the Dirichlet problem with the string equation in an ellipse. For
nonrectangular domains the Dirichlet problem for the string equation was studied
in connection with Denjoy-Poincare rotation number of homeomorphism of domain
boundary, constructed on characteristics of equation (so-called an automorphism
of characteristic billiards) by Fritz John [8].

In this paper we will examine the Dirichlet problem for the string equation

d,, =0 in Q, (1)
®lc =0 on C =09, (2)
in a bounded semialgebraic domain, the boundary of which is given by some bi-
quadratic algebraic curve
2
F(u,v) := Z aiputv® = 0. (3)
i,k=0

As far as we know, the John algorithm for such curve was first considered in
[4], where it was shown that corresponding discrete dynamical system is completely
integrable and some solutions in terms of elliptic functions were presented in special
cases.

Recall that the John algorithm is defined as follows [8].

Let © be arbitrary bounded domain, which is convex with respect to character-
istic directions, i.e. it has the boundary C' intersected in at most two points by
each direct line that is parallel to z- and y-axes. We start from arbitrary point
M on C' and consider a vertical line passing through M;. Obviously, there exactly
two points of intersection with the curve C: M; and some M. We denote I; an
involution which transform M; into Ms,. Then, starting from Ms, we consider a

horizontal line passing through M. Let M3 be the second point of intersection with
1
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the curve C. Let I3 be corresponding involution: I3Ms; = Mjs. We then repeat this
process, applying step-by-step involutions I; and Iy. Denote T = I,I;, T~' = I, I».
This transformation T : C' — C produces a discrete dynamical system on C', i.e. an
action of group Z and each point M € C generates an orbit {T"M|n € Z}. This
orbit can be either finite or infinite. The point M corresponding to a finite orbit
is called a periodic point and minimal n, for which T"M = M, is called a period
of the point M. F.John have proved several usefull assertions, among of which we
extraxt the following one.

Sufficient condition of uniqueness. The homogeneous Dirichlet problem has only
trivial solution if there are no periodic points on C.

For the case when there are periodic points the situation may be more compli-
cated and an additional analysis is needed.

Our crucial observation is the following. It appears that the John algorithm
for the bi-quadratic curve C' is equivalent to so-called Poncelet algorithm for two
arbitrary conics in two-dimensional affine space. Recall [2] that the Poncelet al-
gorithm can be formulated as follows. Let A and B be two arbitrary conics (say,
two ellipsis, this cases is general and can be achieved by an appropriate projective
transformation). We start from an arbitrary point M; on a conic B and pass a
tangent to a conic A. This tangent intersects the conic B in another point Ms.
Then we pass another tangent from the point My to a conic A. We obtain then
the point M3 on the conic B. This process can be repeated generating a set of the
points My, Ms, ... M,,... on the conic B. We denote also L, Ly, ... correspond-
ing tangential points on the conic A. The famous big Poncelet theorem [2] states
that if this algorithm is periodic for M, (i.e. My = My for some N = 3,4,...)
then this property doesn’t depend from the choice of initial point M; on the conic
B. Obviously, the same property is valid for the tangent points: L1 = Ly. Thus
the periodicity property for the Poncelet problem depends only on a choice of two
conics A and B and do not depend on choice of initial point.

It is well known [2] that every affine conic admits a rational parametrization.
For the conic A we can present this parametrization in the form:

z(u) = By (u)/Eo(u), y(u) = Ea(u)/Eo(u), (4)
where Ey(u), Eq(u), E2(u) are some polynomials in u of degrees not exceeding 2.
Analogously, for the conic B we have the parametrization

z(v) = G1(v)/Go(v), y(v) = G2(v)/Go(v), ()

where Go(v), G1(v), G2(v) are corresponding polynomials in v.

Our main result is the following
Theorem 1. Assume that the conics A and B are parametrized by (4), (5). Then
the points L,, = u, and M,, = v, of the Poncelet problem are obtained by the
John algorithm for some bi-quadratic curve F(u,v) = 0. Conversely, assume that
a generic bi-quadratic curve F(u,v) = 0 is given. Then the John algorithm for
this curve is equivalent to the Poncelet algorithm for two appropriately chosen
conics A and B. These conics are not unique: there is an infinite family of such
conics corresponding to the same bi-quadratic curve F'(u,v) = 0. However all these
families are projectively equivalent. The periodicity condition for the Poncelet
problem is equivalent to periodicity condition for the John algorithm.

This theorem allows one to establish some important properties of the John
algorithm for generic non-degenerated bi-quadratic curve F'(u,v) = 0. For example,
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the Poncelet theorem says then that the periodicity property of the John algorithm
depends only on equation of the bi-quadratic curve F(u,v) = 0 and does not depend
on the choice of initial point on this curve. Thus the bi-quadratic curve is transitive
with respect to the John algorithm. This means that only one of two possibilities
occurs:

(i) either all points of the curve C' are non-periodic;

(ii) or all points of the bi-quadratic curve have the same finite period N.

Moreover, we can establish an explicit criterion for periodicity condition for the
John algorithm. This formula comes from the famous Cayley criterion for the
Poncelet problem. Recall that the Cayley criterion can be formulated as follows
[2]. Let f(A) = det(A — AB) is a characteristic determinant for the one-parameter
pencil of conics A and B presented in the projective form. In more details, assume
that the conic A has an affine equation ¢4(z,y) = 0. We then pass to projective
co-ordinates © = &1 /&,y = &2/& and present the equation of the conic A in the
form

2
> A& =0
i, k=0

with some 3 x 3 matrix A. Analogously we present projective equation for the conic
B in the form

2
> Bii& =0
i,k=0
with some 3 x 3 matrix B. Then we define the function f(A) = det(A — AB)

constructed from these matrices A, B. The next step is construction of the Taylor
series

fAN) =cotar+...cpA"+ ... (6)

Then we compute the Hankel-type determinants:

C3 Cq ce Cp+1
HV=| @ % o O 934 (7)
Cp+1 Cpt2 ... Cop—1
and
Co C3 . Cp+1
H® =| @ @ 90 5193 (8)
Cp+1 Cpt2 ... C2p

Then the Cayley criterion [2], [5] is: the trajectory of the Poncelet problem is
periodic with the period N if and only if HSY = 0, if N = 2p and HY? = 0, if
N = 2p+ 1. For modern proof of the Cayley criterion see, e.g. [5].

Thus, in order to decide whether or not the John algorithm for the given bi-
quadratic curve F(u,v) = 0 is periodic we first pass from the John algorithm to
the corresponding Poncelet problem and then apply the Cayley criterion.

Moreover, we give explicit solution of the John algorithm for a non-degenerated
bi-quadratic curve F'(u,v) = 0:

Un = ¢(Q(n - nl))ﬂ vn = P(g(n — n2)) (9)
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where ¢(z),1(z) are two different elliptic functions of the second order with the
same periods; ni,no are some parameters depending on initial conditions. The
parameter ¢ and the periods 2w, 2ws of the elliptic functions ¢(z),¥(z) do not
depend on initial conditions. Recall that an elliptic function of the second order
¢(z) is characterized by the property that it has exactly two zeroes and two poles in
the fundamental parallelogram of periods. It is well known [11] that generic elliptic
function of the second order can be presented in one of two equivalent forms: either

¢(2) = k (ap(z) +b)/(cp(z) + d)
or
b(2) = o(z—e1)o(z — eg) 7
O'(Z — dl)J(Z — dg)
where p(z) and o(z) are standard Weierstrass functions. There is the only restric-
tion dy + dy = e + eo for the parameters.
Thus we can write down general solution of the John algorithm in the form

a1p(g(n —n1) + by . azp(g(n —n2) +bo
Paplgn—n)+d” " eap(q(n — n2) + da
with some parameters k;, a;, b;, c;, d;,n;, i = 1,2.

Periodicity condition for the John algorithm is

Uy =

gN = 2wimq + 2wams, (10)

where N, m1, my are integers.

Finally, we announce a new result concerning solutions for the Dirichlet problem

for the string equation in case of periodicity of the John algorithm.
Theorem 2. Let C' be a nondegenerate bi-quadratic curve (3). The homogeneous
Dirichlet problem (1),(2) has a nontrivial solution ® € C?() iff the John algorithm
is periodical, i.e. the condition (10) is fufilled. In this case there is an infinite set
of linear independent rational solutions.

Assume that the John algorithm for the curve (3) is periodic with period N > 3.
Then it appears that the Dirichlet problem for the string equation is not unique
and for every period N > 3 there exists an infinite series of rational functions
R, (z;N),T,(z; N) such that the string equation ®,, = 0 has non-zero solutions
®(u,v) = Ry(u; N) — Rp(v; N), n = 1,2,... inside of bi-quadratic curve C. The
rational functions Ry, (z; N), T, (z; N) possess the property R, (u; N) = R, (v; N) on
the curve C providing that boundary condition ®(u,v)|c = 0 holds on the curve
C.

The concrete form of the rational functions R, (z; N), T, (z; N) is connected with
multiplication theorems for elliptic functions. Details of this connection will be
published elsewhere.
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