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Khatri-Rao Product Array (Narrowband)

Enlarge array aperture virtually by using KR-product [11:12]

L-el. array data vector Correlation Matrix (L x L matrix)
[ X, (1) | by R, = E|_x(t)xH (t)J: ASAH + 521
X, (1) =
x(t) = . = Za(ei )s; (1) +n(t)
X, (t) - Assumption
B - Uncorrelated waves
The KR product array data - (R ) -
(extended array, L2 vector) (RXX )—CO'
x,'=vec|R,, |= ozl | = (A®A)S +vec[o? 1]
. Khatri-Rao matrix product
_(Rxx )L—col _

[1] W. K. Ma, T. H. Hsieh, and C. Y. Chi, "DOA estimation of quasi-stationary signals with less sensors than sources and unknown
spatial noise covariance: A Khatri-Rao subspace approach,” IEEE Trans. Signal Process., vol.58, no.4, pp.2168-2180, April 2010.

[2] P. Pal and P. P. Vaidyanathan, “Nested arrays: A novel approach to array processing with enhanced degree of freedom,” IEEE
Trans., Signal Processing, vol.58, no.8, pp.4167—4181, Aug. 2010.



Khatri-Rao Product Array (Example)

[ Example ] 4-element ULA, 1 wave (K=1), No noise

Received data vector Data correlation Matrix
T
d d d
e j3w
The KR product array data _(Rxx)1,4_ e 1% 1]
(extended array) (Ry)s | | €712 g
(Rxx)1,2 e el
" —| (R _ P 3o | 7-element ULA data vector
Xe = VeC[Rxx] ‘ ) ((F\’XX))L1 % L ej4a)
Omitting repeated xx J2,1 e’ €
eIemen?s hgving (RXX)M gi20 gi50 [ L-el. array ==»(2L-1)- el. array ]
the same value _(Rxx)4,1_ ] NED | _ejﬁw_
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4el. 2D Surface Current Velocity without KR Product Transform 4el. 2D Surface Current Velocity with KR Product Transform
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7el. 2D Surface Current Velocity without KR Product Transform 7el. 2D Surface Current Velocity with KR Product Transform
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4el. 2D Surface Current Velocity with KR Product Transform 7el. 2D Surface Current Velocity without KR Product Transform
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36

) AR
- W

[\AN

0.5 0.55 0.6

Doppler Frequency [Hz]

—4- thh KR —4-el. W|th KR
-5 :4 el. without KR / \ Sl —— el. without KR
10 7-el. without KR I { \ 10l-| —— 7-el. without KR | A
-15 ’
20 -15 /
25 ., -20
-30 : | 2 -25 /
_ 1] * AA
o T A%
v K = pY
ALY
_50.1 -0.5 0 1 / \ ”
Doppler Frequency [Hz] -45
FEROBEHLTIHHE o A
Doppler BRI AR~V | |
0 I ;
— 4-el. with KR
-5 —— 4-el. without KR
10 N — 7-el. without KR
\\4 — 4-el. with KR with ave.
vl
__ 20
2 /|
= 25
[a]
% 30

35 A

AR

AW MXJ, \
) YN

\/
|

0.5

0.55 0.6

Doppler Frequency [Hz]

17 ~3IZHBITB
Doppler EIRE AN ILE
Eheaht, FH(ELR)



DRIZE152D, DOARRIMIL(FER)

4% FKR

AZ=FKRE

THZFKRE

37

0
DOA [deg.]

Doppler Frequency [Hz]

Doppler Frequency [Hz]

DOA [deg]

T

T

— 4-el. with KR
— 4-el. without KR
— 7-el. without KR

.

\/

AN\

}%
74
/

EDN

VA

C

-30

-15

0

DOA [deg.]

15

30

45



DRIZEITHD

Py [dB]

38

-5

-10
-15
-20
-25
-30
-35
-40
-45
_50—1

T
—4-el. with KR

Dopplerfd 5&';%13(&7 MV(FER)

—— 4-el. without KR

— 4-el. with KR
— 7-el. without KR

A4

ﬂu ‘-‘\/l\\
[T A

A
N\

0.5 0.55 0.6

Doppler Frequency [Hz]

—— 4-el. without KR || -5
— 7-el. without KR ||
A -10
[\ 15
e — _, -20
m
| = 25
i ‘ I N
| | I © o
X
-40
0 Doppler Fre?quency [Hz] . ! 45 \//\V/f(\\ﬂ
FERDBRBH-3TIZHET2 _5%\4/\74/
Doppler BlIRERARIRIL | |
0 I
—4-el. withKR

P [dB]

-5

-10

-15

-20

-25

-30

-35

-40

-45

-50
0.

— 4-el. without KR
— 7-el. without KR i
— 4-el. with KR with ave.

\

VA

Y\

K

A\
VALK VY NN
4 0.45 0.5 0.55

Doppler Frequency [Hz]

0.6

43 ~23(2BIT5B
Doppler EIRE AN ILE
Eheaht, FH(ELR)



ERIZET52D, DOARRGMIL(FER)

4§%KR T

0.2

Z
>
1)
c
[
=3
o
=

AZFKRE:

—_—

Doppler Fi

— 4-el. with KR
— 4-el. without KR
— 7-el. without KR

| |

-30 -15 0 15 30
DOA [deg.]

3 9 '145 30 15 0 15 a0 45 -50
DOA [deg ]

45



El ;B(-}%DOpplerJEI,&'%IZ’\OI~)b(=F§¢%)

0

—4-el. wth KR —4-el. W|th KR

= a— o e
e o] [T Tl vithout kR /! I
) o
- e | J | % -25 f// f]
-35 % % \ % _30 //j/ }v\/\
-40 ‘ . A A )
RULR LA A L AN GV R

R\ AV \‘Ay}f !

FRBORRAHLEIH15 e L Wllel T v VL]
DOpplEfJﬁi&éﬂZ’\ogl“)[/ DopplerFre.quency[Hz] . .
0 —— 4-el. with KR
5 — 4-el. without KR
A —— 7-el. with KR
-10 7-el. without KR
— 4-el. with KR with ave.

= //w 6 ~2612&T5
. [ IV \ DopplerEiE AR L%
Y WA Fhabht, EHEE)

IANY YAV AR LAY %,V\g
\ ffffffff VAT W\ PR
WA W YN WA

0.4 0.45 0.5 0.55
40 Doppler Frequency [Hz]

Py [dB]

=T

—

o -




CRIZHITE2D, DOARRYKMIL(HRER)

4% FKR

T T T

— 4-el. with KR with ave.
— 4-el. without KR with ave. ||
— 7-el. without KR with ave. ||

Doppler Frequency [Hz]

T 30 15 0 15 ag 45 i \

DOA [deg ]

AZ=FKRE

T~ q
7~

Doppler Frequency [Hz]

" 1 45 -30 .15 0 15 30
< A DOA [deg.]
2 02 20
THEFKRE: 5%,
% -0.2 -30
8 -04 35
0.6 40
0.8 45
1 -50

4 l 45 30 15 0 15 30 45

DOA [deg ]



Crl

42

P [dB]

P [dB]

-10

-15

-20

-25

-30

-35

-40

2),

Z&F5DopplerE 5&'&;Z’<7 ML(HREE.

—— 4-el. without KR

— 4-el. with KR
— 7-el. without KR

N\

4
0

Y

N
N,
|,

WA A A

0.45

-5

0 —4-;|. with KR
-5 ——4-el. without KR || -5
10 — 7-el. without KR ||
-10
-15
2 A\ -15
) o
I m
30 ~—— = 25
35 | \m
VA
-40
N\
TR A\
0 0.5 0 : 1 k 40 v
Doppler Frequency [Hz] 45
MERDRBAR2TIZETS 50
Doppler &R ANIRIL |
0 T
—4-el. withKR

— 4-el. without KR
— 7-el. without KR

— 4-el. with KR with ave. |

A

\

A\

NRY 9

-45 <~

UA"/"V
\/ M/

g
AV NN

0.45

0.5

0.55

Doppler Frequency [Hz]

0.6

0.5 0.55 0.6

Doppler Frequency [Hz]

17 ~37128115
Doppler EIRE AN ILE
Eheaht, FH(ELR)



DRIZET52D, DOARRIMIL(MIER)

4% FKR

Doppler Frequency [Hz]

T T

AZ=FKRE

THZFKRE

Doppler Frequency [Hz]

Doppler Frequency [Hz]

— 4-el. with KR
— 4-el. without KR
— 7-el. without KR ||

=N
AN

\

]

43

DOA [deg.]

-15

0
DOA [deg.]

15 30 45



DR

44

P g [dB]

-10
-15
-20
-25
-30
-35
-40
-45
_5ql

r
— 4-el. with KR
—— 4-el. without KR []
— 7-el. without KR [

N\

[

-0.5

Py [dB]

5 — 4-el. without KR
10 — 7-el. without KR
-15
-20

o

W A

Z$HT+5Doppler & 5&'&;7(&7 ML(iRiE ™)

—— 4-el. with KR k

e

NV

1

Doppler Freoquency [Hz] . ! :1(5) /\ A/R;A
IERDBBHEOIETS YA YA VAN
DopplerJﬁ EH AR 0.4 0.45 boppler Frc;.guency " 0.55 0.6

° —4-el. Witl; KR

-5 — 4-el. without KR
10 — 7-el. without KR i

— 4-el. with KR with ave.

-15
= -10°~10° 126115
A MY Doppler ER BRI ILE
MPVASNYI LA Ehabt, TR
RATANYY /R
oW M A Al
TM AR

0.4 0.45 0.5 0.55 0.6

Doppler Frequency [Hz]



E;ﬁl:ds(%z DOARRIMIL(RER)

4$%KR T

Il
‘

L
3 02

4EFKRE

U

z 02

THZFKRE

0.2

T
g
S
g
w
3
o
3

4-el. with KR
4-el. without KR
7-el. without KR

L L

-30 -15

DOA [deg ]

0
DOA [deg.]

15 30

45



ERIZCEITSDopplerFARBANIML(RIER)

0 7\ 0
. [\ 5
-10 I \ -10
15 15 4 A
_ 20
3 % . 20
1'25 | m
2 4 | Lond Ll gl T7—~— = 25
-35 i i | D'm -30 A fa\ A
Lo I SO N B T N
A L e A7 AN
50 7 \/\/\J \/ — 4-el. with KR
* OO Doppler Frequency [Hz] ! 451\ —— 4-el. without KR |
BB ORI F 3 515 A R ) == 7711
DOpplerJ__I/&';&Z’\al“)[/ . . Doppler Fre.quency[Hz] . .
0 — 4-el. with KR
5 | 7 4-el. without KR
) h —— 7-el. without KR
-10 — 4-el. with KR with ave.
-15 ’-/7#\

20 / T ~1F1ZHBIFB
25 Doppler IR AXR I ILZ

ZZ X /'i\/\ \ EREhHE, FHHER)

oAU

-50
0.4 0.45 0.5 0.55 0.6

46 Doppler Frequency [Hz]

Py [dB]

7




ZRRERIETYT

BETOFMRZAVWTHREZES -GS

4el. wio KR | 4el. w/ KR | 7el. wio KR | 7el. w/ KR
4el. w/o KR 0.7175 0.7468 0.5175
del. w/ KR 0.7175 0.7114 0.5742
7el. w/o KR 0.7468 0.7114 0.7045
7el. w/ KR 0.5175 0.5742 0.7045
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4del. w/o KR | 4el. w/ KR | 7el. wio KR | 7el. w/ KR
4el. w/o KR 0.7197 0.7271 0.5059
4el. w/ KR 0.7197 0.6861 0.5498
7el. w/o KR 0.7271 0.6861 0.6684
7el. w/ KR 0.5059 0.5498 0.6684
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4el. wio KR | 4el. w/ KR | 7el. wio KR | 7el. w/ KR
4el. w/o KR 0.6634 0.7233 0.4241
del. w/ KR 0.6634 0.7219 0.5576
7el. w/o KR 0.7233 0.7219 0.7042
7el. w/ KR 0.4241 0.5576 0.7042
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4del. w/o KR | 4el. w/ KR | 7el. wio KR | 7el. w/ KR
4el. w/o KR 0.6564 0.6634 0.3660
4el. w/ KR 0.6564 0.6573 0.4940
7el. w/o KR 0.6634 0.6573 0.6796
7el. w/ KR 0.3660 0.4940 0.6796
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